Abstract. Cameron and Storvick discovered change of scale formulas for Wiener integrals of functionals in a Banach algebra S on classical Wiener space. Yoo and Skoug extended these results for functionals in the Fresnel class F (B) and in a generalized Fresnel class F A 1 ,A 2 on abstract Wiener space. We establish a relationship between a function space integral and a generalized analytic Feynman integral on
Introduction
It has long been known that Wiener measure and Wiener measurability behave badly under the change of scale transformation [2] and under translations [1] . Cameron and Storvick [5] expressed the analytic Feynman integral on classical Wiener space as a limit of Wiener integrals. In doing so, they discovered nice change of scale formulas for Wiener integrals on classical Wiener space (C 0 [0, 1], m w ) [4] . In [12, 13] , Yoo and Skoug extended these results to an abstract Wiener space (H, B, ν). Moreover, Yoo, Song, Kim and Chang [14, 15] established a change of scale formula for Wiener integrals of some unbounded functionals on (a product) abstract Wiener space.
On the other hand, Chang, Choi, Lee and Skoug [6, 7, 8, 9] is subject to a drift a(t) and is nonstationary in time. For more details, see [6, 9] .
In this paper, we establish a relationship between a function space integral and a generalized analytic Feynman integral on C a,b [0, T ] for functionals in a Banach algebra S(L 
for every ρ > 0, and a scale-invariant measurable set N is said to be scale-invariant null provided μ(ρN ) = 0 for every ρ > 0. A property that holds except on a scale-invariant null set is said to hold scale-invariant almost everywhere (s-a.e.) [10] .
Let L 
where |a|(t) denotes the total variation of the function a on the interval
) is a separable Hilbert space. Let {φ j } be a complete orthonormal set of real valued functions of bounded variation on [0, T ] such that
, the Paley-Wiener-Zygmund stochastic integral v, x is defined by the formula
for all x ∈ C a,b [0, T ] for which the limit exists.
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We denote the function space integral of a
whenever the integral exists.
Let C + and C ∼ + denote the set of complex numbers with positive real part and complex numbers with nonnegative real part, respectively.
exists as a finite number for all λ > 0. If there exists a function J *
with parameter λ, and for λ ∈ C + we write
If the following limit exists for nonzero real q, then we call it the generalized analytic Feynman integral of F over C a,b [0, T ] with parameter q and we write
where λ approaches −iq through C + . 
Definition 2.2. Let M (L
where
(ii) The generalized analytic Feynman integral
reduces to the Banach algebra S introduced by Cameron and Storvick in [3] .
The following notation is used throughout this paper:
√ λ is always chosen to have positive real part. Now we state a very fundamental integration formula on the function space
It is a generalization of the Wiener integration formula on Wiener space.
Let
Let f : R n → R be a Lebesgue measurable function. Then
in the sense that if either side exists, both sides exist and equality holds. We finish this section by introducing the existence theorem (Remark 4.2 of [9] ) of the analytic function space integral and the generalized analytic Feynman integral
be given by (2.4) and suppose that the associated measure f satisfies the condition
where β = Im(λ −1/2 ). Then the analytic function space integral of F exists and is given by
Furthermore, let q be a nonzero real number and suppose that the associated measure f satisfies the condition (2.10)
Then the generalized analytic Feynman integral of F exists and is given by We begin this section by giving a function space integration formula that is useful in the proof of Theorem 3.2.
it follows that
Proof. By the Gram-Schmidt process, we obtain
In fact ψ n = ψ n a,b φ n+1 = c n+1 φ n+1 , where ψ n is given by (3.3). Hence
By the integration formula (2.7), we have
Now we evaluate the above integral using the integration formula
Finally, since
we have (3.2).
Now we give a relationship between the function space integral and the generalized analytic Feynman integral on
. But we need a further assumption on a(t) to obtain the relationship. 
Theorem 3.2. Let |a(t)| = cb(t) on
Proof. Let Γ(λ n ) be the function space integral on the right hand side of (3.4). Then by (2.4) and the Fubini theorem,
By Lemma 3.1,
where ψ n is given as in (3.3). Now we examine each term in the exponential on the right hand side of the above expression.
as n → ∞. Furthermore, by the Hölder inequality,
as n → ∞, where a denotes the total variation of a on [0, T ]. Hence we know that the first two terms in the exponential of (3.5) go to 0 as n → ∞. Moreover,
as above, and so
as n → ∞. Now it remains to consider the third term in the exponential of (3.5). Since
for all j = k, and so
a,b → 0, and by the Hölder inequality
as n → ∞. Hence from (3.9) we have
From the four convergences in (3.6), (3.7), (3.8) and (3.10), we see that
Since f satisfies condition (2.10) we apply the dominated convergence theorem to obtain 
Moreover, as we see in Remark 2.3 above, the generalized analytic Feynman integral . Let q be a nonzero real number and let {λ n } be a sequence of complex numbers in C + such that λ n → −iq. Let F be a functional in a Banach algebra S; that is,
where f is a complex Borel measure on
In our next example we give a(t), b(t) and a functional F in S(L 
Example 3.4. Let a(t) = t
2 /2 and b(t) = t for 0 ≤ t ≤ 1 and let q be a nonzero real number. Note that a(t) does not satisfy the assumption in Theorem 3.2. Let
Of course we can choose Hence by Theorem 2.4, we have (3.13)
Now we consider the right hand side of (3.4). Let Γ(λ n ) be the function space integral on the right hand side of (3.4) . By the same method as in the proof of Theorem 3.2, we have
A careful look at the proof of Theorem 3.2 tells us that the convergences in (3.6), (3.7) and (3.8) are valid even if a(t) does not satisfy the assumption in Theorem 3.2; that is,
as n → ∞. On the other hand,
and so
and so the left hand side of the above inequality does not converge to 1 as n → ∞. Hence
Comparing (3.13) and (3.14), we see that the relationship (3.4) is not valid in this case.
be given by (2.4) and suppose that the associated measure f satisfies condition (2.8) . Then Since f satisfies condition (2.8) we apply the dominated convergence theorem to obtain
By (2.9) in Theorem 2.4, the proof is completed.
Our main result, namely a change of scale formula for a function space integral on C a,b [0, T ], now follows from Theorem 3.5. 
